
Problema matemático que requer apenas 
conhecimento de geometria e probabilidade

Percolação

2

Ótima introdução a transições de fases , 
relações de escala e grupo de renomalização
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Exemplos

3

•Pão de Queijo forno-de-minas na assadeira
•Se botarmos muitos eles grudam
•Podem formar pedaços maiores
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Figure 13.1: Cookies (circles) placed at random on a large sheet. Note that there is a path of
overlapping circles that connects the bottom and top edges of the cookie sheet. If such a path
exists, we say that the cookies “percolate” the lattice or that there is a “spanning path.” See
Problem 13.4d for a discussion of the algorithm used to generate this configuration.

groups of nearest neighbors. We define a cluster as a group of occupied nearest neighbor lattice
sites (see Fig. 13.2).

An easy way to study percolation uses the random number generator on a calculator. The
procedure is to generate a random number r in the unit interval 0 < r ≤ 1 for each site in the
lattice. A site is occupied if its random number satisfies the condition r ≤ p. If p is small, we
expect that only small isolated clusters will be present (see Fig. 13.3a). If p is near unity, we
expect that most of the lattice will be occupied, and the occupied sites will form a large cluster
that extends from one end of the lattice to the other (see Fig. 13.3c). Such a cluster is said to be a
spanning cluster. Because there is no spanning cluster for small p and there is a spanning cluster
for p near unity, there must be an intermediate value of p at which a spanning cluster first exists
(see Fig. 13.3b). We shall see that in the limit of an infinite lattice, there exists a well defined
threshold probability pc such that:

For p < pc, no spanning cluster exists and all clusters are finite.
For p ≥ pc, one spanning cluster exists.

We emphasize that the defining characteristic of percolation is connectedness. Because the
connectedness exhibits a qualitative change at a well defined value of a continuous parameter, we
shall see that the transition from a state with no spanning cluster to a state with one spanning
cluster is a type of phase transition.

Our real interest is not in large cookies or in abstract models, but in the applications of
percolation. An example of the application of percolation is to the electrical conductivity of
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Figure 3: Bright field TEM images of Au-ZrO2 films with (a) x = 0.08, (b) x = 0.23, (c) x = 0.41, (d) x = 0.51, and (e) x = 0.55. The inset
in Figure 3(e) shows lattice fringes inside an Au particle.

of τ = 34 ns). The samples were deposited at room temper-
ature in a vacuum chamber with rotating composite targets
made of sectors of ZrO2 and metal (silver, cobalt, or gold).
Several surface ratios of target components led to obtain-
ning samples with different volume fractions x of Ag/Co/Au,
ranging from metallic to dielectric regimes. The distance be-
tween target and substrate was fixed to 35 mm. The laser
fluency typically used was about 2 J/cm2. Zirconia was sta-
bilized with 7 mol.% Y2O3, which provides the matrix with
very good properties, such as good oxidation resistance, ther-
mal expansion coefficient matching that of metal alloys, and
very high fracture toughness values. It has been observed
that ZrO2 matrix gives rise to sharper interfaces between the
amorphous matrix and nanoparticles [16]. Besides, the high
oxygen affinity of ZrO2 prevents oxidation of the metallic
nanoparticles.

Sample composition was determined by microprobe
analyses. The size distribution of metal nanoparticles was de-
termined from TEM. The substrates for TEM experiments
were membrane windows of silicon nitride, which enabled
direct observation of as-deposited samples.

3. RESULTS AND DISCUSION

The analysis of TEM images allowed us to obtain the par-
ticles size distribution for each metal concentration. TEM
images provide direct observation of the nanoparticles even
for very low metal contents. Typical TEM images are shown
in Figure 1 for Ag-ZrO2, in Figure 2 for Co-ZrO2, and in
Figure 3 for Au-ZrO2. The dark regions correspond to the

Ag, Co, and Au particles and the light regions to the amor-
phous ZrO2 matrix. The particles are seen to have clearly de-
fined interfaces with the matrix.

The lattice fringes observed in the metal grains corre-
spond to Ag/Co/Au atomic planes indicating good crys-
tallinity even for very low metal content (see insets to Fig-
ures 1–3). Lattice fringes are not present in the ZrO2 matrix,
confirming its amorphous nature.

The particles have spherical shape for xAg < 0.18,
xCo < 0.25, and xAu < 0.41, (see Figures 1(a) and 1(b), 2(a)–
2(c), and 3(a) and 3(b)). For xAg > 0.18, xCo > 0.25, and
xAu > 0.41, the neighboring particles start to coalesce, giving
rise to larger particles not always with spherical shape (see
elongated particles in Figures 1(b)–1(d), 2(d), and 3(c) and
3(d)). Increasing the metal content, the particles form big ag-
gregates (see Figures 1(e), 2(e), and 3(e)), indicating rapid
approaching to the percolation threshold, above which metal
forms a continuum.

The distributions of particle size are well described by a
log-normal function:
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where the fitting parameters D0 and σ are the most probable
particle size and the width of the distribution, respectively,
(see Table 1). At low Ag content, the particle size distribution
is centered between 1 and 2 nm (see Figure 1(a)). Increas-
ing the Ag content, the size distribution shifts towards larger
sizes, due to coalescence of smaller particles into the big ones,

•Partículas metálicas em uma matriz condutora
•Após uma determinada concentração, o sistema 
conduz
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Transições de fase
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• Mudança da fase de um sistema termodinâmico

• Transição é caracterizada por mudança abrupta em 
uma ou mais propriedades físicas (muitas vezes em 
função da temperatura) 

• Fases líquidas, sólidas e gasosas. 

• Diferentes propriedades magnéticas em 
transições magnéticas (ver modelo de Ising)

• Condutividade em transições metal-isolante

• Exemplo de transição de fase de percolação

• Transição de isolante para metal devido à 
percolação
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Estudando percolação

• Estudamos percolação em uma rede

5July, 2006 Random media summer school

What is Percolation?

• Consider percolation on a lattice

• Behavior depends on dimensionality (a lot) and lattice

type (a little)

• Can also consider continuum percolation (more

realistic for us, but not covered in these lectures)

square (2D)
honeycomb (2D) cubic (3D)

• Comportamento da percolação depende muito da 
dimensionalidade e pouco do tipo de rede
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Procedimento
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• Para cada sítio da rede, gerar um número aleatório r

• 0< r <1

• O sítio será ocupado se o número r satisfazer a 
condição r≤p

• p é um número fixo que define a probabilidade de 
ocupação dos sítios 

• Sítios serão ocupados de forma aleatória

• Formação de clusters

vizinhos ñ vizinhos
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Propriedades dos Clusters
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(a)   (b) 

Figure 13.2: Example of a site percolation cluster on a square lattice of linear dimension L = 2.
The two nearest neighbor occupied sites (shaded) in (a) are part of the same cluster; the two
occupied sites in (b) are not nearest neighbor sites and do not belong to the same cluster.

p = 0.2 p = 0.59 p = 0.8

(a) (b) (c)

Figure 13.3: Examples of site percolation clusters on a square lattice of linear dimension L = 16
for p = 0.2, 0.59, and 0.8. On the average, the fraction of occupied sites (shaded squares) is equal
to p. Note that in this example, there exists a cluster that “spans” the lattice horizontally and
vertically for p = 0.59.

composite systems made of a mixture of metallic and insulating materials. An easy way to make
such a system is to place a mixture of small plastic and metallic spheres of equal size into a container
(see Fitzpatrick et al.). Care must be taken to pack the spheres at random. If the metallic domains
constitute a small fraction of the volume of the system, electricity cannot be conducted and the
composite system is an insulator. However, if the metallic domains comprise a sufficiently large
fraction of the container, electricity can flow from one domain to another and the composite system
is a conductor. The description of the conduction of electricity through composite materials can
be made more precise by introducing the parameter φ, the volume fraction of the container that
consists of metallic spheres. The transition between the two types of behavior (nonconducting
and conducting) occurs abruptly as φ (the analog of p) is increased and is associated with the
nonexistence or existence of a connected path of metallic spheres. More realistic composite systems
are discussed in Zallen’s book.

Percolation phenomena also can be observed with a piece of chicken wire or wire mesh. Watson
and Leath measured the electrical conductivity of a large piece of uniform steel-wire screen mesh

• Se p<<1, poucos sítios ocupados

• apenas clusters isolados

• se p ≅1, quase toda a rede é ocupada

• sítios formam grande cluster que atravessa a rede

• “Spanning cluster”(SC) ou cluster de percolação
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