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Problem Set #12 – Nonequilibrium Statistical Mechanics

30/6/2025

1. A trained mouse lives in the house shown in Fig. 1. A bell rings at regular
intervals (much shorter than the mouse’s lifetime). Each time the bell rings the
mouse moves to another room; whenever it changes room, the probabilities of
going through any door from the current room are the same. Determine which
fraction of its lifetime will be spent on each room.
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1– Considere o “cluster” da Figura 1 abaixo como uma aproximação da rede quadrada no

contexto do Grupo de Renormalização no Espaço Real. O problema é percolação por ligações:

cada ligação tem probabilidade p de estar presente.

(a) Mostre que a probabilidade de o sitio 1 estar ligado ao sitio 3 é p′ = 2p2 − p4.

(b) O resultado de (a) pode ser imaginado como a probabilidade efetiva na rede renormalizada.

Determine o ponto fixo p∗ e o expoente ν para este sistema. O fator de escala é b =
√

2 (por

que ?). Compare com os resultados exatos pc = 1/2 e ν = 4/3 e comente.

2– Um rato treinado vive na casa mostrada na Figura 2 abaixo. Uma campainha toca a inter-

valos regulares (muito pequenos comparados com a vida do rato). Cada vez que a campainha

toca, o rato muda de quarto. Quando muda de quarto, ele tem a mesma probabilidade de

passar por qualquer uma das portas do quarto em que está. Aproximadamente que fração de

sua vida o rato passa em cada quarto?

3– Considere uma caixa de volume Ω conectada a outra caixa de volume infinito por um

pequeno buraco (vide figura 3 abaixo). Admita que a probabilidade de uma particula se

mover de A para B no intervalo ∆t é (n/Ω)∆t, onde n ≡ numero de particulas em A, e a

probabilidade de uma particula de mover de B para A no intervalo ∆t é ρ∆t (ρ = constante).

Escreva a equação mestra para a distribuição de probabilidade de particulas em A e resolva-a,

admitindo que em t = 0, n = n0. Calcule o numero medio de particulas em A, e a variancia,

como função do tempo. Sugestão: passe da equação mestra para a equação de Fokker-Planck,

e resolva esta ultima por transformada de Fourier.

4– A função de autocorrelação K(s) de uma variavel estatisticamente estacionaria y(t) é

dada por: K(s) = K(0) e−α2 s2

cos(2πf∗s). Calcule o espectro de potencia w(f), e discuta

seu comportamento nos limites: (i) α → 0; (ii) f∗ → 0, e (iii) ambos α e f∗ → 0.
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Figure 1: Problem 1 – Mouse’s house.
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√

2 (por

que ?). Compare com os resultados exatos pc = 1/2 e ν = 4/3 e comente.

2– Um rato treinado vive na casa mostrada na Figura 2 abaixo. Uma campainha toca a inter-

valos regulares (muito pequenos comparados com a vida do rato). Cada vez que a campainha

toca, o rato muda de quarto. Quando muda de quarto, ele tem a mesma probabilidade de

passar por qualquer uma das portas do quarto em que está. Aproximadamente que fração de

sua vida o rato passa em cada quarto?

3– Considere uma caixa de volume Ω conectada a outra caixa de volume infinito por um

pequeno buraco (vide figura 3 abaixo). Admita que a probabilidade de uma particula se
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Figura 3Figure 2: Prob.2 – System and reservoir.

2. Consider a box A of volume Ω connected through a small hole to another box,
B, of much larger volume; see Fig. 2. Assume the probability of a particle
moving from A to B in the time interval ∆t is (n/Ω)∆t, where n is the number
of particles in A, and the probability of a particle moving from B to A in ∆t is
ρ∆t, with ρ being a constant.

(a) Write down the master equation for the probability distribution for particles
in A.
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(b) Calculate the mean number of particles in A, and its variance, as functions
time. Suppose that at t = 0, one has n = n0. [Hint: go from the mas-
ter equation to the Fokker-Planck equation, and solve the latter by Fourier
transform.]

3. A spin-1/2 is in contact with a thermal bath. In the absence of an applied field,
it flips between ±1 states at a rate of α/2 transitions per unit time, irrespective
of whether it is from +1 to −1, or vice-versa. Let P (σ, t) be the probability of
the spin assuming the value σ at time t.

(a) Write down a master equation for P (σ, t), ignoring the possibility of not
flipping.

(b) Calculate the average magnetisation, m(t) ≡ 〈σ〉, as a function of time,
assuming that σ=+1 at t=0. Sketch m × t, and discuss physically your
results. What is the influence of the initial condition on the behaviour at
long times?

(c) Determine P (σ, t), subject to the initial conditions of the previous item.
Sketch P (+, t) and P (−, t) on the same plot, and discuss physically your
results. What is the influence of the initial condition on the behaviour at
long times?

Imagine now that a magnetic field is present, which tends to align the spin; the
system is in contact with a thermal bath at a temperature T . The Hamiltonian
describing this spin is therefore

H = −Hσ, (1)

where H is the magnetic field (in units of energy, i.e., it incorporates the mag-
netic moment, µ), and σ = ±1 denotes the spin orientation. Assume the
probability per unit time that the spin is flipped, i.e.σ → −σ, is given by

w(σ) =
1

2
α(1− λσ), (2)

where α−1 > 0 defines the time scale of the transitions in the absence of the
field, and λ > 0 favours an imbalance between the probabilities of finding σ = 1
and σ = −1 due to the presence of the field.

(d) Explain physically why w(+1) < w(−1).

(e) Using the fact that in equilibrium we must have

p(−σ)

p(σ)
=

w(σ)

w(−σ)
, (3)
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(Why?) where p(σ) is the Boltzmann factor, show that

λ = tanh(H/kBT ). (4)

(f) Write down a master equation for P (σ, t), ignoring the possibility of occur-
rence of no spin flipping.

(g) Calculate the average magnetisation, m(t) ≡ 〈σ〉, as a function of time,
assuming that σ=+1 at t=0. Sketch m × t, and discuss physically your
results. What is the influence of the initial condition on the behaviour at
long times?

(h) Determine P (σ, t), subject to the initial conditions of the previous item.
Sketch P (+, t) and P (−, t) on the same plot, and discuss physically your
results. What is the influence of the initial condition on the behaviour at
long times?

4. The autocorrelation function, K(s), of a statistically stationary variable, y(t)
is given by

K(s) = K(0) exp
(
−α2s2

)
cos(2πf ∗s). (1)

Calculate the power spectrum, w(f), and discuss its behaviour in the following
limits: (i) α→ 0; (ii) f ∗ → 0, and (iii) both α and f ∗ → 0.
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