IF/UFRJ
Graduate Quantum Mechanics I
2023/2 — Raimundo

Problem Set #6
11/9/2023 - due by 18/9/2023 at 12:00 noon

. Consider a system with two spin-1/2 particles in a triplet state
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where |1)(;) and [|);) represent eigenstates of S7) with eigenvalues £h/2, re-
spectively, and with ¢ = 1,2 denoting particles (1) and (2).

(a) Suppose that measurements of S (1) and 57, are made simultaneously. Which
are the possible outcomes? Once obtaining the result S (=1 or |) for par-
ticle (1), what is the probability of obtaining necessarily —S for particle

(2)?
(b) Is it possible to write the state |17} as a tensor product of states, i.e.,
IT) = |a)qy ® |b)(2)? If so, determine |a)(1y and [b)(a).

(c) Now suppose the system is in the state
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Repeat item (b) for [).
(d) Repeat item (a) for |¢).
(e) Comment on the differences between |T') and |¢)).



2. Consider a system with two spin-1/2 particlesﬂ
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Assume the system is in the state |¢)) = [11). Is this an entangled state?

Write down the density matrix, p, in the |oy0%) basis, where o; =1, ],
i=1,2.

Calculate Trp and p?; comment.

Obtain p; = Try p, where p = |¢) ().

Calculate Tryp; and p?; comment.

Suppose that instead of the previous state, the system is described by
1
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Is this an entangled state?

Write the density matrix for this system, p, in the |oj0%) basis, where
o, =T,4,1=1,2.

Calculate Trp and p?; comment.

Obtain p; = Try p, where p = [¢)(¢)].

Calculate Tryp; and p?; comment.

Suppose now that the density matrix is known to be
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with
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Is the system in an entangled state?
Calculate Trp and p?; comment.
Obtain p; = Try p.

Calculate Trip; and p?; comment.

Compare the results obtained in the three cases above, and discuss.

'Hint: whenever possible, try to express your 4 x 4 matrices in terms of 2 x 2 sub-matrices
written in terms of the Pauli matrices, the identity matrix 1, and of the null matrix O.
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3. Consider three spin-1/2 particles fixed in position in the state
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in the basis of eigenstates of ojo303, in standard notation.
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(a) Is this a pure state? Why?
(b) Is this an entangled state? Why?

(c) Determine the partial trace over spins 2 and 3. Is the first spin in a pure
state? Why?

etermine the partial trace over spins 1 and 3. Is the second spin in a pure
d) Determine th tial t ins 1 and 3. Is th d spin i
state? Why?

(e) What can you conclude from these results?

4. A system is in thermodynamic equilibrium at an absolute temperature T
Therefore, the probability of finding the system in the eigenstate |k), such that
H|k) = Ei|k), is pr. = exp[—BEx]/Z, where = 1/kgT and Z is the partition
function; the entropy is then defined in the usual way, S = —kg ), pi Inpy.

(a) Show that S > 0.
(b) Show that S = 0 for a pure system.

(c) Supposing the Hilbert space in question is finite, with dimension Ny, show
that the entropy is maximum when p, = 1/Ny, Vk. Discuss.

(d) Write down, in the {|k)} basis, the density operator for the situations dis-
cussed in items (b) e (c).



