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16 Introduction to Quantum Physics

µ2 = µ · e 2 or µ3 = µ · e3 , (1.10)

respectively. As the laws of physics cannot be affected by merely rotating the
magnet, they would have found, likewise, µ2 = ± µ or µ3 =  ± µ. This creates,
however, an apparent contradiction when we add Eqs. (1.8) and (1.10):

µ1 + µ2 + µ3 = µ · (e1 + e 2 + e3) ≡ 0. (1.11)

Obviously, µ1 , µ2 and µ3 cannot all be equal to ±µ , and also sum up to zero.
Of course, it is impossible to measure in this way the values of µ1 and µ2

a n d µ3 of the same atom—the magnet can have only one of the three positions.
There is no need to invoke “quantum uncertainties” here. This is a purely
classical impossibility, inherent in the experiment described by Fig. 1.6. (What

Fig. 1.6. Three possible orientations for the Stern-Gerlach magnet, making 120°
angles with each other. The three unit vectors e1 , e 2 and e 3 sum up to zero.

quantum theory tells us is that this is not a defect of this particular experimental
method for measuring a magnetic moment: No experiment whatsoever can
determine µ1 and µ2 and µ3 simultaneously.) Yet, even if the three experimental
setups sketched in Fig. 1.6 are incompatible, it is certainly possible16 to measure
µ2 , or µ3, instead of µ1 . Thus, if we attribute to the word “measurement” its
ordinary meaning, namely the acquisition of knowledge about some objective
preexisting reality, we reach a contradiction.

The contradiction is fundamental. Once we associate discrete values
with the components of a vector which can be continuously rotated,
the meaning of these discrete values cannot be that of “objective” vector
components, which would be independent of the measurement process.

16 You may feel uneasy with this counterfactual reasoning. While we are free to imagine the
possible outcomes of unperformed experiments, Eq. (1.11) goes farther: it involves, simultane-
ously, the results of three incompatible experiments. At most one of the mathematical symbols
written on the paper can acquire an actual meaning. The two others then exist only in our
imagination. Is that equation legitimate? Can we draw from it reliable conclusions? Moreover,
Eq. (1.11) assumes that, in these three possible but incompatible experiments, the magnetic
moment of the silver atom has the same orientation. That is, our freedom of choice for the
orientation of the magnet does not affect the silver atoms that evaporate from the oven. If you
think that this is obvious, wait until after you have read Chapter 6.
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F = µz @zBz ẑ
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(1.3)

For arbitrary δ = δx  – δ y , the result is called elliptically polarized light [the ellipse
is the orbit drawn by the vector E( t) for fixed z]. This is the most general kind
of polarization. In the special case where δ  = ± π /2 and Ex =E y, one has
circularly polarized light. On the other hand, if δ = 2πn (with integral n ) ,
one has, in the overlapping region, light which is linearly polarized along the
direction of Ex  + E y, exactly as in the incident beam. This is true, in particular,
when the thickness of the crystal tends to zero, so that both δx and δ y vanish.

Fig. 1.4. Overlapping light beams with opposite polarizations. For simplicity,
the beams have been drawn with sharp boundaries and they are supposed
to have equal intensities, uniformly distributed within these boundaries. Ac-
cording to the phase difference δ , one may have, in the overlapping part of
the beams, linearly, circularly or, in general, elliptically polarized photons.

How shall we describe in terms of photons the overlapping part of the beams?
There can be no doubt that, in the limiting case of a crystal of vanishing thick-
ness, we have linearly polarized light, with properties identical to those of the
incident beam. This must also be true whenever δ =  2πn. We then have
photons which are linearly polarized in the direction of the original E. We do
not have a mixture of photons polarized in the x and y directions. If you have
doubts about this,8 you may test this claim by using a second (thick) crystal
as a polarization analyzer. The intensities of the outgoing beams will behave
as cos² α and sin² α , exactly as for the original beam.

In the general case represented by Eq. (1.3), we likewise obtain in the over-
lapping beams elliptically polarized photons—not a mixture of linearly polarized
photons. The special case where | Ex | = | E y | and δ =  ±π /2 gives circularly
polarized photons. The latter can be produced by placing a quarter wave plate
(qwp) with its optic axis perpendicular to k and making a 45° angle with E,
so that E x = E y in Fig. 1.2. Conversely, if circularly polarized light falls on a

8 You should have doubts about any claim of that kind, unless it can be supported by exper-
imental facts. You will see in Chapter 6 how intuitively obvious, innocent looking assumptions
turn out to be experimentally wrong.
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Revisão de Álgebra Linear

1. Base de espaço vetorial. Dimensão.
 espaço vetorial ℇ
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